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Abstract. In this work we use the string/gauge duality within the Softwall Model (SW). In
this model a dilaton field is introduced in the action for the fields playing the role of a soft infrared
(IR) cutoff. The SW model is very useful as it provides linear Regge trajectories for mesons.
Here, using a 10−dimensional SW model, we calculate the corresponding structure functions
for deep inelastic scattering (DIS) in which electrons are scattered off hadrons in a kinematical
regime where the hadrons are broken apart, with high virtuality q, in the exponentially small
x (Bjorken parameter) regime. Our results for this regime are consistent with those achieved
using other holographic and non-holographic approaches.
1. Introduction
Deep Inelastic Scattering (DIS) has an important role in high energy experimental physics since
using it we could access the internal structure of protons or other hadrons.
The DIS can be described by a scattering between a lepton ℓ and a target hadron with
momentum P producing a diversity of other hadrons. During this scattering a virtual photon
of momentum q is exchanged.
The relevant parameters for DIS are the virtuality of the photon, given by q2 = qµqνη
µν =
−Q2, with metric signature ηµν = (−,+,+,+), the mass M of the initial hadron, such that
M2 = −P 2, the squared center-of-mass energy s = −P 2X = −(P + q)2 and the Bjorken variable
x, defined by x ≡ −q2/2.P.Q.
For our purposes, the differential cross section for DIS is given by dσ ∝ (α2/q4)LµνWµν ,
where α is the fine structure constant, Lµν is the leptonic tensor, and Wµν is the hadronic
tensor, which is the quantity of interest here. In the case where the initial hadronic state is not
polarized, the hadronic tensor can be written as [1]:
W µν = i
∫
d4y eiq.y〈P,Q|[Jµ(y), Jν(0)]|P,Q〉 (1)
where |P,Q〉 represents a normalizable hadronic state with 4-momentum Pµ and electric charge
Q of the initial hadron and Jµ is the electromagnetic hadronic current.
Using gauge invariance, which implies qµW
µν = 0, together with the Lorentz covariance, the
hadronic tensor in (1) can be decomposed as in the following:
W µν =W1
(
ηµν − q
µqν
q2
)
+
2x
q2
W2
(
Pµ +
qµ
2x
)(
P ν +
qν
2x
)
, (2)
where W1(x, q
2) e W2(x, q
2) are the unpolarized structure functions, which describe the quark
distribution of momenta inside the hadrons.
For a particular combination between x and q2, one can see an approximate relation between
these functions called the Callan-Gross relation, so that:
W2(x, q
2) ≈ 2x W1(x, q2). (3)
The canonical approach to deal with strong interactions is based on QCD. However QCD
fails in the low energy limit when gYM > 1. In this context we have to choose another approach
to overcome this difficulty.
The AdS/CFT correspondence [2], also known as string/gauge duality, proposed by Juan
Maldacena, brought new ways to study strong interactions where QCD cannot be treated
perturbatively.
This correspondence or duality relates a conformal Super Yang-Mills (SYM) theory with
extended supersymmetry N = 4 and the symmetry group SU(N) for N → ∞ (large N)
in a flat Minkowski space-time in 3 + 1 dimensions with a type IIB superstring theory in
a 10−dimensional curved space, which is a five dimensional anti de Sitter space times a five
dimensional hypersphere, or simply, AdS5 × S5.
Due to the conformal invariance one cannot use the correspondence directly. In order to
break this invariance one can use, for instance, two fruitful bottom-up approaches known as the
hardwall and softwall models. In the first one, a hard cutoff is introduced in the AdS space
and a slice of this space in the region 0 ≤ z ≤ zmax is considered, with a boundary condition at
z = zmax. For more information one can see [3–8]. In the context of DIS, using the hardwall,
one can see [9–14].
In the second bottom-up approach, or the softwall model, a soft infrared cutoff is introduced
in the action. This is done by using a decreasing exponential related to the dilatonic field. For
more information one can see [15–21]. Other studies for DIS have been discussed within the
softwall model, finding results consistent with the literature [22, 23]. For other DIS studies using
holographic models see for instance [24–37].
Here, in this work, we discuss the exponentially small x regime within the softwall model and
calculate the corresponding structure functions. More details related to these calculations can
be seen in [38].
2. The DIS within the Softwall Model
Let us start this section describing the DIS within the softwall model [22, 38]. In this approach
the action for the fields in the AdS5 × S5 is given by:
S =
∫
d10x
√−g e−φ(z)L (4)
where L is the Lagrangean density, φ = kz2 is a scalar field related to the dilaton, g is the
determinant of the metric gMN of the AdS5 × S5 space:
ds2 = gMNdx
MdxN =
R2
z2
(dz2 + ηµνdy
µdyν) +R2dΩ25, (5)
z is the holographic coordinate, dΩ25 is the angular measure on S
5, and R is the AdS5 space
radius.
In order to deal with the DIS within the softwall model it is convenient to split the action
Eq.(4) in different parts. The first part, with 5-dimensional gauge fields Am = (Aµ, Az), which
does not depend on the coordinates of S5 space, is given by:
S = −
∫
d10x
√−g e−φ(z) 1
4
FmnFmn. (6)
The second one, with scalar fields Φ, which describe the initial and final hadrons, which for
simplicity are considered both as spinless, is given by:
S =
∫
d10x
√−g e−φ(z)(∂mΦ∂mΦ+m25Φ2). (7)
From the EOM of the action Eq. (6), with a convenient choice of a Lorentz-like gauge [22],
one gets:
Aµ(y
µ, z) = ηµ k Γ(1 +
q2
4k
) eiq.y z2 U(1 + q
2
4k
; 2; kz2) , (8)
Az(y
µ, z) =
iq.η
2
Γ(1 +
q2
4k
) eiq.y z U(1 + q
2
4k
; 1; kz2). (9)
where Γ(x) is the Gamma function and U(a; b; c) is the Tricomi confluent hypergeometric
function.
From the EOM of the action Eq. (7), with the ansatz, Φ(yµ, z, Ω) = e
iP.yψ(z,Ω), one gets
for the initial state of the hadron:
Φi(yµ, z, Ω) =
[
2k∆−1
Γ(∆− 1)
]1/2
1
R4
eiP.y z∆ ψ(Ω). (10)
For the final state, one has:
ΦX(yµ, z, Ω) =
[
2k∆−1Γ( s4k − ∆2 + 1)
Γ( s4k +
∆
2 − 1)
]1/2
1
R4
eiPX .y z∆ L∆−2nX (kz
2) ψ(Ω), (11)
where ∆ is the conformal dimension of an operator associated with the initial and final hadrons
[22] and Lmn (y) are the associated Laguerre functions.
3. The exponentially small−x regime in the Softwall Model
The DIS in the exponentially small x regime is characterized by multiple pomeron exchange
represented by gravitons in the AdS/CFT correspondence [9].
The dominant contribution at high energies to the string scattering amplitude in the
10−dimensional SW model is given by:
Sstring =
∫
d10x
√−g e−φ(z)Leff,string (12)
which is identified with the amplitude of the forward Compton scattering in four dimensions
and can be written as:
ηµηνT
µν(2π)4δ4(q − q′) = Sstring, (13)
where T µν is a tensor which has the same decomposition of the hadronic tensor W µν presented
in Eq.(2) and Sstring is in the following:
Sstring =
1
8
∫
d10x
√−g e−φ(z)
{
4vava∂mΦF
mnFpn∂
pΦ
−
(
∂Mφ∂MΦv
ava + 2v
a∂aΦv
b∂bΦ
)
FmnFmn
}
G|t=0 (14)
where va are the Killing vectors of the compact S5 space (or more generically W ), Fmn
is associated with an incoming photon with 4−momentum qµ and an outgoing one with
4−momentum q′µ and Φ represents the incoming and outgoing scalars state with 4−momentum
Pµ and PµX , respectively.
After some manipulations, the imaginary part of Sstring takes the form:
Im Sstring = (2π)
4δ(q − q′) ηµην πρR
8(x)α
′|ξ|/2
4s
a2 Γ2
(
1 +
q2
4k
)
×
{
∞∑
m=1
e−kz
2
m
z2∆+2m
4
U2
(
1 +
q2
4k
; 1; kz2m
)
(−q2)
[
pµ − p.q
q2
qµ
] [
pν − p.q
q2
qν
]
+ k2
∞∑
m=1
e−kz
2
m z2∆+4m U2
(
1 +
q2
4k
; 2; kz2m
)
(p.q)2
×
[
ηµν − (p
νqν + pνqµ)
p.q
+
q2
(p.q)2
pµpν
]}
. (15)
Comparing with Eq. (13), one has:
Im T µν =
πρR8(x)α
′|ξ|/2
4s
a2
q4
4x2
{[
ηµν − q
µqν
q2
]
I2
+
[
pµ +
qµ
2x
] [
pν +
qν
2x
]
4x2
(
I1 + I2
q2
)}
(16)
where
I1 ≡ 1
4
Γ2(j)
∞∑
m=1
e−kz
2
m z2∆+2m U2
(
j; 1; kz2m
)
(17)
I2 ≡ k2 Γ2(j)
∞∑
m=1
e−kz
2
m z2∆+4m U2
(
j; 2; kz2m
)
(18)
Consequently, one can write the structure functions for DIS within the softwall model in the
exponentially small x regime, so that:
W1(x, q
2) =
π2ρk∆−1
4Γ(∆ − 1)
q4(x)α
′|ξ|/2
sx2
I2
W2(x, q
2) =
π2ρk∆−1
4Γ(∆ − 1)
q4(x)α
′|ξ|/2
sx2
(2xq2)
(
I1 + I2
q2
)
. (19)
In order to compare our results with ref.[9] one can use Hypergeometric functions’ properties
and consider the approximations in which x is exponentially small and q2 is large [38], so that
one can rewrite Eqs.(19) as:
W1(x, q
2) ≈ π
2ρ (x)−2+α
′|ξ|/2
8 (4πgsN)1/2 Γ(∆− 1)
(
k
q2
)∆−1
I1, 2∆+3 (20)
W2(x, q
2) ≈ π
2ρ (x)−1+α
′|ξ|/2
4 (4πgsN)1/2 Γ(∆− 1)
(
k
q2
)∆−1
(I0, 2∆+3 + I1, 2∆+3) , (21)
where
Ir,s ≡
∫ ∞
0
dw ws K2r (w) = 2
(s−2) Γ(
s+1
2 + r) Γ(
s+1
2 − r) Γ2(s+12 )
Γ(s+ 1)
. (22)
Computing the ratio of these structure functions one finds:
W2(x, q
2)
W1(x, q2)
≈ 2x
(
2∆ + 3
∆+ 2
)
. (23)
Finally, one can see that this ratio is in agreement with the one found in [9] within the
hardwall model.
4. Last comments
In this work we have used the AdS/CFT correspondence to study DIS with an exponentially
small Bjorken parameter within the Softwall model. The correspondence proved itself to be an
excellent tool to tackle QCD out of the perturbative regime. Furthermore we reproduced the
results found within the hardwall model.
The exponentially small x regime is also important to study the QCD phase diagram. This
problem was discussed within the hardwall model in [11]. Since the hardwall and softwall
models have different spectra, in particular leading to different Regge trajectories, we studied
the saturation line in the softwall model to see if it leads to any different behavior. The complete
details and references can be found in [38].
For recent discussions on holographic approaches to DIS, see for instance [39–42].
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